We study the thermodynamics of the Bose-condensed atomic hydrogen confined in the Ioffe-Pritchard potential. Such a trapping potential, that models the magnetic trap used in recent experiments with hydrogen, is anharmonic and strongly anisotropic. We calculate the ground-state properties, the condensed and non-condensed fraction and the Bose-Einstein transition temperature. The thermodynamics of the system is strongly affected by the anharmonicity of this external trap. Finally, we consider the possibility to detect Josephson-like currents by creating a double-well barrier with a laser beam.
In this paper we calculate the thermodynamical properties of the trapped hydrogen gas by using the quasi-classical Hartree-Fock approximation [3] . This approach is justified by the very large number of atoms (about 10 10 ) in the trap and by the relatively high temperatures involved (order of µK). Due to the anharmonic external trap, the analytical results for BEC thermodynamics obtained by Stringari et. al [3] cannot be used for quantitative predictions. Our detailed theoretical study of the hydrogen thermodynamics can give useful informations for future experiments with a better optical resolution. In the last part of the paper we discuss the criteria for macroscopic quantum tunneling and macroscopic quantum self-trapping by using a laser beam to create a double-well potential.
In the experiment reported in Ref. [2] , the axially symmetric magnetic trap is modelled by the Ioffe-Pritchard potential
where ρ and z are cylindrical coordinates and the parameters α, β and γ can be calculated from the magnetic coil geometry. In particular, for small displacements, the radial oscillation frequency is ω ρ = α/ √ mγ = 2π × 3.90 kHz, the axial frequency is ω z = 2β/m = 2π × 10.2
Hz and γ/k B = 35 µK [2] .
A dilute gas of N identical hydrogen atoms is theoretically described by a bosonic field operatorψ(r, t). Following a standard treatment, one can separate out the condensate part with the Bogoliubov prescriptionψ(r, t) = Φ(r) +φ(r, t), where Φ(r) = ψ (r, t) is the 2 macroscopic wavefunction (order parameter) of the condensate, normalized to the number N 0 of condensed atoms, and ... is the mean value in the grand-canonical ensemble. Then, in the mean-field approximation, the order parameter Φ(r) satisfies the following finite-
where m is the mass of the atomic hydrogen, µ the chemical potential, and g = 4πh 2 a/m is the scattering amplitude with a the s-wave scattering length (a = 0.0648 nm). The condensate density is n 0 (r) = |Φ(r)| 2 and n T (r) =<φ + (r, t)φ(r, t) > is the thermal density of non-condensed particles, normalized to N T = N − N 0 . Notice that we ignore the T = 0 quantum depletion. In fact, the corrections to the mean-field results are fixed by the gas parameter n(0)a 3 , where the total density n(r) is evaluated at the center of the trap [6] .
We shall show that this parameter is very small also when there are billions of atoms in the trap.
The thermal density can be calculated through the quasi-classical Hartree-Fock approx-
where
is the thermal length. Thus, the thermal particles behave as "non-interacting" bosons moving in the self-consistent effective potential U(r) + 2gn(r), where the term 2gn(r) is the mean-field generated by interactions with other atoms [3] . Note that the quasi-classical approximation is accurate for the experimental hydrogen cloud, which has N = 10 10 atoms. Also the Hartree-Fock approximation is valid in this context because k B T is much larger than the chemical potential µ.
In many papers, the thermodynamics of Bose-condensed dilute gases has been studied by solving the Eq. (2) and (3) with a self-consistent iterative procedure (see [6] and references therein). We shall adopt this method that, in our case, describes correctly both the highand low-temperature regimes due to the negligible effect of collective excitations in the thermal density. It is important to observe that mean-field predictions for trapped alkalimetal atoms are in good agreement with recent path-integral Monte Carlo calculations [7] .
Moreover, in the experiments with atomic hydrogen, the gas is dilute (na 3 ≪ 1) but also strongly interacting because Na/a H ≫ 1, where
follows that the kinetic term of the Eq. (2) can be safely neglected, as we have verified by numerically solving Eq. (2) at zero temperature, and one gets the Thomas-Fermi condensate
in the region where µ > U(r) + 2gn T (r), and n 0 (r) = 0 outside. In practice, we study the BEC thermodynamics by solving self-consistently the Eq. (3) and (4).
First, let us consider a noninteracting gas (g = 0). In such a case, the formula (3) of thermal density simplifies and one can directly obtain the BEC transition temperature T 0 c as a function of the total number N of atoms by numerically solving the equation
In Fig The role of the interatomic interaction on the transition temperature T c is very small.
In Fig. 1 one observes that the repulsive interaction reduces T c both in harmonic and IoffePritchard traps. The shift of the transition temperature δT c is in agreement with the law
, predicted by Stringari et al. [3] for the harmonic trap. These corrections are of the order of 0.1 µK.
In Fig. 2 we show the condensate density n 0 (r) and the thermal density n T (r) at T = 45 and 47 µK for N = 2.2 · 10 10 atoms. The thermal density shows a depletion near the origin, that is due to the presence of the condensate fraction in that region. Note that the thermal cloud fills a very large spatial region compared to the condensate one.
In Fig. 3 we present various properties of the condensate as a function of temperature for N = 2.2 · 10 10 atoms. We consider the number of atoms and temperatures achieved in the MIT experiment [2] . The central density and the size of the condensate are particularly interesting because can be easily detected experimentally. Our results are compatible with the experimental data: at T = 45 ± 5 µK with N = 2.2 · 10 10 the estimated condensate fraction is 5%, the peak condensate density 4.8 ± 1.1 · 10 15 cm −3 , the condensate diameter is d = 15 µm and its length l = 5 mm [2] . We note that, as previously anticipated, the gas parameter n(0)a 3 is always less than 10 −6 .
The condensed fraction, the energy per particle of the condensate and the chemical potential are shown in Table 1 . We calculate also the two-body decay rate Γ = c d For the sake of completeness, in Fig. 4 we plot the condensate fraction N 0 /N as a function of temperature for N = 10 8 , 10 9 and 10 10 atoms. Note that Hijmans, Kagan, Shlyapnikov and Walraven [9] have shown that, due to the balance between the thermalization rate and the two-body spin-relaxation decay rate, the maximum achievable equilibrium condensate fraction for hydrogen cannot be very large. Moreover, a recent theoretical paper [10] suggests the possibility of interesting nonequilibrium effects like the short-time formation of quasicondensate droplets. However, we belive that the equilibrium results we have shown may provide a useful guide for future experiments with a better optical resolution.
A very interesting issue is the possibility to detect macroscopic quantum tunneling (MQT) and Josephson-like oscillations of the Bose condensate in double-well traps [11, 12] .
Recently, we have shown that with 23 Na atoms in harmonic trap one sees only the macroscopic quantum self-trapping (MQST) of the condensate. To get outside the MQST regime it is necessary to strongly reduce the scattering length [12] . Due to its very low scattering length, atomic hydrogen is a good candidate for MQT in double-well traps.
It is easy to create a double-well trap for a cigar shaped condensate by using a laser beam [13] . The effect of a laser beam on atoms can be modelled by the following potential
where the potential barrier U 0 is proportional to the total power of the laser beam perpendicular to the long axis of the condensate, and σ is the beam radius [13] .
Smerzi et al. [11] have shown that the time-dependent behavior of the condensate in a double-well potential depends on the parameter Λ = 4E int /|∆E 0 |: E int is the interaction energy of the condensate and ∆E 0 is the kinetic+potential energy splitting between the ground state and the quasi-degenerate odd first excited state of the GP equation [12, 13] . in an asymmetric state (z = 0) they maintain the original population imbalance without transferring particles through the barrier [11, 12] .
By solving the zero-temperature GP equation (2) with the steepest-descent method in the double-well trap given by Eq. (1) and Eq. (6), we calculate the parameter Λ for the condensate of hydrogen atoms in the tunneling region. In Table 2 it is shown that, for a 6 small number of condensed atoms (about 10 4 ), the MQT is possible with a relatively large fractional population imbalance z. For this number of condensed atoms, the period τ of oscillation is smaller than the life-time τ 1/2 of the condensate, that is about 50 seconds.
For a larger number of atoms, the parameter Λ quickly grows and the condensate remains self-trapped. Note that at nonzero temperature, BEC depletion and thermal fluctuations will slightly modify the parameters of the tunneling and will damp the coherent oscillations.
Nevertheless, as shown by Zapata, Sols and Leggett [14] , the effect of damping is negligible for temperatures lower than about 10hω H .
In this paper we have studied the thermodynamics of the atomic hydrogen in a IoffePritchard trap. We have found that the BEC transition temperature is strongly dependent on the anharmonicity of the trap while the effect of repulsive interaction is small. We have the macroscopic quantum tunneling can be observed. 
